We construct a two-orbital effective model for a ferromagnetic Kagome-lattice shandite, Co 3 Sn 2 S 2 , a candidate material of magnetic Weyl semimetals, by considering one d orbital from Co, and one p orbital from interlayer Sn. The energy spectrum near the Fermi level, and the configurations of the Weyl points, computed by using our model, are similar to those obtained by first principle calculations. We show also that nodal rings appear even with spin-orbit coupling when the magnetization points in-plane direction. Additionally, magnetic properties of Co 3 Sn 2 S 2 and other shandite materials are discussed.
Introduction-Weyl semimetals are gapless semiconductors with non-degenerate point-nodes called Weyl points. [1] [2] [3] These nodes generate a fictitious magnetic field, the Berry curvature, 4) in momentum space. Weyl semimetals with magnetic order, magnetic Weyl semimetals, attract attention because of the nontrivial charge-spin coupling, represented by the large anomalous Hall effect. 5) Additionally, some electromagnetic responses such as the charge induced spin torque 6, 7) and electric-field-driven domain wall motion 8, 9) are theoretically predicted. These phenomena suggest a potential to implement highly efficient magnetic devices by using the topological characters of electronic states. As candidates, some materials such as Mn 3 Sn [10] [11] [12] [13] [14] [15] [16] [17] and Heusler alloys 18, 19) have been studied. However, these materials have large Fermi surfaces in addition to the Weyl points. This metallicity may suppress functionalities of Weyl semimetals mentioned above by the screening effect. In order to realize these functionalities, it is important to find magnetic Weyl semimetals with small Fermi surfaces.
Very recently, it was suggested that a ferromagnetic Kagome-lattice shandite Co 3 Sn 2 S 2 is a strong candidate of the magnetic Weyl semimetal from first principle calculations and experiments. [20] [21] [22] This material possesses a relatively large anomalous Hall angle θ AHE = σ AHE /σ xx ≈ 20% which is much larger than those of other candidates such as Mn 3 Sn (θ AHA ≈ 3%) 12, 20) . This indicates the semimetallic character with a small longitudinal conductivity σ xx and small Fermi surfaces, suggesting an ideal magnetic Weyl semimetal. According to first principle calculations, 20, 21) in the absence of spin-orbit coupling, nodal rings appear near the Fermi level, while spin-orbit coupling opens energy gaps on the nodal rings except at some points, the Weyl points.
Utilizing Co 3 Sn 2 S 2 , we expect electromagnetic functionalities of Weyl semimetals. However, it is difficult to study the magnetic response using first principle calculations, because we have to introduce magnetic field via the Peierls phase of electrons that causes a huge matrix of the Hamiltonian with many orbitals. Therefore, it is desirable to construct a minimal model describing the low energy excitations with only a few orbitals.
In this work, we construct an effective two-orbital tightbinding model by using one of the d orbitals from Co and * nomura@imr.tohoku.ac.jp one of the p orbitals from interlayer Sn. We show that configurations of nodal rings and the Weyl points in the Brillouin zone in our model are similar to those in first principle calculations. 20, 21) Additionally, we show that nodal rings appear even with spin-orbit coupling when the magnetization points in-plane direction. We discuss the origin of magnetism in shandite materials and magnetic anisotropy.
Model Hamiltonian-In the following, we construct an effective tight-binding model Hamiltonian by considering the crystal field splitting and relevant orbitals close to the Fermi level of the system. Figures 1(a) and 1(b) compare the original unit cell of Co 3 Sn 2 S 2 and the unit cell of our model. Co 3 Sn 2 S 2 consists of primitive rhombohedral unit cells including three Co atoms, two Sn atoms, and two S atoms as shown in Fig. 1(a) . One layer has the Kagome lattice structure of Co atoms with Sn at the center of hexagons as shown in Fig. 1(c) . We refer to it as Sn2 to distinguish another Sn atom, Sn1, which form a triangular lattice. There are also two layers of triangular lattices of S atoms. We assume that the crystal field splitting in shandite is as shown in Fig. 1(d) . Splitting energies in the Kagome layer are larger than those in the triangular lattices of Sn and S atoms because the interatomic distance in the Kagome lattice is shorter than those in the triangular lattices. In this crystal structure, the five-fold degeneracy of Co's d orbitals is lifted, although the energy-level relationship is not clear. A neutral Co atom, Sn atom, and S atom have 9, 4, and 6 valence electrons, respectively. When the crystal field splitting energies are large enough compared to the Hund coupling energies, low spin states are favored; low energy orbitals are occupied by the valence electrons. The electron's configuration is assumed as shown in Fig. 1(d) , where the fourth of five d orbitals of Co atoms are partially occupied; there is one electron in 3 × 2 = 6 states on three Co atoms per unit cell. When spins are fully polarized this configuration is consistent with the magnetic moment M Co ≈ 0.3µ B /Co suggested by first principle calculations 20) and experiments. 22, 23, 25) We assume that d 3z 2 −r 2 is the partially occupied orbital and that the occupied p z orbital of Sn1 atom is close to the Fermi level. On the other hand, all other orbitals are far from the Fermi level and thus neglected in the following. In this model, there are three electrons in eight bands, 6 bands from three Co atoms and 2 bands from one Sn1 atom. The Fermi level is determined by this 3/8 filling condition. The unit cell of J. Phys. Soc. Jpn. Letter A. Ozawa, K. Nomura 
, c) as shown in Fig. 1(b) . In the following, we set c = √ 3a 2 for simplicity. In our model, the unit cell includes three Co atoms on the Kagome lattice and one Sn1 atom on the triangular lattice.
Our effective model Hamiltonian consists of three terms,
where H d-p is the hopping term, H exc is the exchange coupling term, and H so is the spin-orbit coupling term. Detailed explanations of each term are given in the following. We start with the hopping term H d-p . We consider the first and second-nearest-neighbor hopping, t 1 and t 2 , in the Kagome layer, inter-Kagome-layer hopping, t z , and d p hybridization t dp . We neglect hopping between Sn atoms because the interatomic distance is longer than others. H d-p is written as follows,
Here d iσ and p jσ are the annihilation operators of d electrons on the Kagome lattice and p electrons on the triangular lattice. t i j describes the hopping between Co sites and is either of t 1 , t 2 , t z or zero, depending on the relative position. t dp i j = t dp between nearest Co and Sn1 sites, otherwise t dp i j = 0. p is the energy difference between p orbital and d orbital.
H exc describes the ferromagnetic ordering derived from the onsite Hubbard coupling within the mean field approximation.
26) The Hamiltonian is given in the following form,
Here, we neglect the onsite Coulomb energy of p orbital of Sn1 because that of p electrons is smaller than that of d electrons. In the mean field theory m is determined selfconsistently. On the other hand, in the following, we set the strength of J|m| by comparing to the first principle calculations, 21) where m = m(0, 0, 1). We introduce the Kane-Mele type spin-orbit coupling in the Kagome layer 27, 28) as given as
Here t so is the hopping amplitude and the sign ν i j = ±1 depends on the orientation of the two nearest neighbor bonds.
When an electron traverses in going from site j to i, 
where
). H(k) consists of the following terms: H(k) = H 1 + H 2 + H dd + H dp + H p + H exc + H so . Here, each term is given as below.
H dp = 2it dp
Here, k
and k a i = k· a i /2, i = 1, 2, 3. These lattice vectors are shown in Fig. 1(b), Fig. 2(a) and Fig. 2(b) . By solving the eigenvalue equation H(k) |u nk = E nk |u nk , we obtain eigenstates |u nk and eigenvalues E nk , where n (from 1 to 8) being the band index labeled from the bottom. The energy eigenvalues of the system calculated without and with spin-orbit coupling along high-symmetry lines are shown in Fig. 3(a) . Here we set t 1 as a unit of energy, t 2 = 0.6t 1 , t dp = 1.0t 1 , t z = −1.0t 1 , p = −3.5t 1 , J = 2.0t 1 . We focus on n = 3 band and n = 4 band crossing the Fermi level. When spin-orbit coupling is absent, nodal rings between the n = 3 band and n = 4 band appear around the L point. The positions of the nodal rings in momentum space are shown as green lines in Figs. 4(a) and 4(b) . The above hopping parameters were chosen so that the configurations of the nodal rings are similar to those obtained by first principle calculations. 21) The nodal rings appearing in the absence of spin-orbit coupling are gapped out in the presence of spin-orbit coupling except two points on each ring. The energy spectrum shown in Fig. 4(c) is linear around the band touching points, which is consistent with the result of first principle calculations. 20) To characterize these nodal points we calculate the Next, we examine the intrinsic anomalous Hall conductivity by using the Kubo formula, 5) σ xy = e 2 h n BZ
Here, n is the occupied band index, b z nk is the z component of the Berry curvature, f is the Fermi-Dirac distribution function and µ is the Fermi level. Figure 3(b) shows the Fermi level dependence of the anomalous Hall conductivity. Near the energy of the Weyl points, the anomalous Hall conductivity has a large peak. The value near the Fermi energy σ xy ≈ 1059Ω −1 cm −1 is very close to the result of first principle calculation and experiment. 20, 22) In an ideal Weyl semimetal where Fermi surfaces reside only at the Weyl points, we can compute the anomalous Hall conductivity as the summation of the distance of the Weyl points separated by ∆K (γ) z as following,
Here, γ indicates the pair of the Weyl points. The value of the anomalous Hall conductivity computed by Eq. (8) is σ xy ≈ 0.86[e 2 /ha]. This value is in reasonable agreement with that at the energy of the Weyl points computed by Eq. (7) with our model, σ xy ≈ 0.61[e 2 /ha]. In the above calculation, we showed that the Weyl points appear in the presence of spin-orbit coupling when the magnetization is parallel to the z-axis. Here, we study the energy spectrum when the magnetization is perpendicular to the zaxis. In this situation, nodal rings appear even in the presence of spin-orbit coupling. In-plane magnetizations are set as m A = m B = m C = m (1, 0, 0). Figure 4 (e) shows nodal rings between the n = 3 band and n = 4 band which corre-Letter A. Ozawa, K. Nomura spond to nodal rings in Fig. 4(b) . This appearance of nodal rings with spin-orbit coupling can be understood in terms of the Chern number. We consider a certain plane in momentum space as shown in Fig. 4(f) . For simplicity, we consider a system with two Weyl points.
3) The Hamiltonian in this plane, say Σ, can be regarded as that of a two-dimensional quantum anomalous Hall state.
3) The Chern number of nth band, ν n (Σ) = Σ b z n (k)d k, can be defined in this plane Σ, if the plane does not contain any Weyl points.
3) The sign of the Chern number changes, when it is finite, with the flip of the magnetization. The change of the Chern number occurs only when the band gap closes. Therefore, when the magnetization flips from one direction to the opposite direction, nodal rings need to appear as shown in Fig. 4(f) .
Magnetic order-Next, we discuss the origin of magnetism in shandite materials based on the Stoner theory. 26) Although most shandite materials are non-magnetic, Co 3 Sn 2 S 2 shows ferromagnetic order. 29, 31) Additionally, this ferromagnetism is suppressed by substituting, for example, Co for Fe or Ni, Sn for In. 23, 24, 30, [34] [35] [36] According to the Stoner theory, ferromagnetism of itinerant electrons is characterized by the following criterion, 26) D(E F )U > 1. Here, D(E F ) is the density of states in non-magnetic state at the Fermi level and U is the onsite Coulomb interaction. In order to examine this criterion, we calculate the density of states in non-magnetic state as shown in Fig. 5(a) . The Fermi level can be calculated by the 3/8 filling condition. The density of states has a peak structure near the Fermi level. This peak is significant to satisfy the Stoner criterion Eq. (9) . When the number of electrons changes due to the chemical substituent, the Fermi level shifts from the peak and the density of states decreases, suppressing ferromagnetic order. Contrary, in ferromagnetic state, the density of states has a minimum near the Fermi level as shown in Fig. 5(b) . Magnetic anisotropy-We examine the easyaxis anisotropy of our model. We calculate the magnetization-angle dependence of the total energy with two-types of tilted configurations. In the first case, magnetizations on each sublattice are given as m A = m B = m C = (sin θ 1 , 0, cos θ 1 ) as shown in Fig. 6(a) . In the second case, magnetizations on each sublattice are given as
2 sin θ 2 , cos θ 2 ) as shown in Fig. 6(b) . Here, θ 1 and θ 2 are tilting angles. The first tilting case Fig. 6(a) corresponds to the situation when the applied magnetic filed points in the direction perpendicular to the z-axis. The second tilting case Fig. 6(b) corresponds to umbrella structure of the magnetization suggested by experiment. 37) We compute the total energy of electrons, E = 1 N n,k E nk f (E nk − µ) as a function of θ 1 and θ 2 with two cases of magnetizations Figs. 6(a) and 6(b) . Here N is the number of the unit cells and µ is the Fermi level calculated under the 3/8 filling condition at each θ 1 , θ 2 . Figures 6(c) and 6(d) show the energy shifts from the total energy with out-of-plane magnetization as functions of θ 1 and θ 2 , respectively. In both case, the total energy has a minimum at θ 1 = θ 2 = 0. This behavior shows the easy-axis ferromagnetic anisotropy, which is consistent with experiment. 32, 33) Conclusion-In this work, we constructed an effective tight binding model for the ferromagnetic Co-shandite Co 3 Sn 2 S 2 . The configurations of nodal rings and the Weyl points are similar to those obtained by first principle calculations. 20, 21) When the magnetization is perpendicular to the z-axis, nodal rings appear even with spin-orbit coupling. We showed that this model describes the itinerant magnetism and easy-axis anisotropy of Co 3 Sn 2 S 2 , which are consistent with experiment. 23, 24, [29] [30] [31] [32] [33] [34] [35] [36] 
